TILTING MODULES ARISING FROM RING EPIMORPHISMS 
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Abstract. We show that a tilting module T over a ring _R admits an ex- 
act sequence O^R^Tq^Tx^O such that T^Ti G Add(T) and 
Homfl(Ti,To) = if and only if T has the form S ® S/R for some injec- 
tive ring epimorphism \ : R ^ S with the property that Tor|^(S', 5) = and 
pdSji < 1. We then study the case where A is a universal localization in the 
sense of Schofield |Sch85j . Using results from |CB91) . we give applications to 
tame hereditary algebras and hereditary noetherian prime rings. In particular, 
we show that every tilting module over a Dedekind domain or over a classical 
maximal order arises from universal localization. 



Introduction 

Tilting theory started in the early eighties in representation theory of finite 
dimensional algebras as a tool to relate two module categories via functors inducing 
crosswise equivalences between certain parts of both categories. Nowadays tilting 
plays an important role in various branches of modern algebra, ranging from Lie 
theory and algebraic geometry to homotopical algebra. We refer to [AHKH06] for 
a survey on such developments. 

In this paper, we will consider (large) tilting modules over an arbitrary ring R, 
according to the following definition. A right i?-module T is said to be a tilting 
module if it satisfies the following properties: 

(Tl) T has projective dimension at most one. 
(T2) Ext^(r,r('^)) = for any set /. 

(T3) There exists an exact sequence 0~>R—^To—^Ti-^0 where Tq,Ti are 
isomorphic to direct summands of direct sums of copies of T. 

A typical example of a (not finitely generated) tilting module is provided by the 
Z-module T = Q©Q/Z. Its tilting class GenT = GcnQ is the class of all divisible 
groups. 

In fact, following this pattern, one can use localization techniques to construct 
tilting modules in many contexts. The papers |AHHT05l ISal041 ISal05| already 
contain results in this direction. In the present paper, we push forward this idea. 
We show that every injective ring epimorphism X : R ^ S with the property that 
Torf (5, S) = and pdS'^ < 1 gives rise to a tihing i?-module S © S/R (Theorem 
12. 5p . Moreover, we characterize the tilting modules that arise in this way. Namely, 
a tilting module T is equivalent to a tilting module S © S/R as above if and only 
if the exact sequence ^ i? ^ To ^ Ti — > in condition (T3) can be chosen with 
the additional property that Homi?(Ti,ro) = fTheorem ETTU)) . 

Our construction yields many interesting examples of tilting modules. For ex- 
ample, if the total ring of quotients Ql^^{R) of R has projective dimension one over 
R, then Ql^^^{R) © Ql^^^{R)/R is a tilting right i?-module. Note that in general, 
however, the ring epimorphism X : R —t S need not be a perfect localization, see 



Date: April 8, 2008. 

2000 Mathematics Subject Classification: 16E30, 16E60, 16P50, 16S10. 



2 



LIDIA ANGELERI HUGEL AND JAVIER SANCHEZ 



Examples 1 2. lir i) and l3.17l Examples of tilting modules that do not arise from ring 
epimorphisms as above are given in Examples 12.11( 3) and (4). 

Given a tilting i?-module S S) S/R as above, in general it is difficult to compute 
its tilting class. In many cases, however, the tilting class can be described in terms 
of divisibility. 

For example, if ills a left Ore set of non-zero-divisors of R such that pd{ii^^ Rji) < 
1, then Tu = ii~^R(Bii~^R/R is a tilting right i?-module whose tilting class GenTu 
coincides with the class of il-divisible right _R- modules (Corollarv l3.14p . 

More generally, if W is a class of finitely presented right i?-modules of projective 
dimension one such that Homj^lU, R) = 0, we can consider the universal localization 
Ru of i? at W in the sense of Schofield [Sch85j. Suppose that R embeds in Ru, 
and pd{Ru)ii < 1. Then Ty = Ru © Ru/R is a tilting right i?-module. If we 
further assume that Ru/R is a direct limit of W-filtered right i?-modules, then 
the tilting class Gen 21/ coincides with the class of all modules M satisfying 
Ext]^(W, M) = (Corollary 

From work of Schofield and Crawley-Boevey |CB91| we know that universal 
localizations satisfying such assumptions occur over hereditary rings with a faithful 
rank function p having the property that Rp is simple artinian, see CoroUarv 14.61 
An important example for this situation is provided by finite-dimensional tame 
hereditary algebras, see [CB91| . In this case, we obtain a tilting module Tu = Ru® 
Rk/R with tilting class for every set U of simple regular modules (Example l4.7p . 
In a forthcoming paper, this result will be used to classify the infinite-dimensional 
tilting modules over tame hereditary algebras. 

Another interesting example is the case of a hereditary noetherian prime ring 
with (simple artinian) quotient ring A. In Theorem 15.71 we prove that in this 
case T = A (B A/R is a tilting right i?- module with tilting class U-^ where U is 
the class of all simple right i?-modules. Moreover, for any overring R < S < A 
there exists a unique subset Us of U such that S ® S/R is a tilting right _R-module 
with tilting class Ug. And for any right Ore set 6 consisting of regular elements, 
Te ~ R&^^ R6^^ /R is a tilting right i?-module with tilting class Uq where Uq 
is the class of all simple modules whose elements are annihilated by some element 
of 6. 

In CoroUarv 1 5 . 1 01 we apply this result to a Dedekind domain R. We recover a 
classification result from |BET05] and show that the tilting modules Ttp = Ru^ ® 
Ru^/R arising from universal localization at iX<p — {R/m \ m G where *p runs 
through all subsets of max-spec(i?), form a representative set up to equivalence of 
the class of all tilting i?-modules. 

1. HOMOLOGICAL PROPERTIES OF RING EPIMORPHISMS. 

1.1. Notation. For a ring R (with 1), we denote by Mod- i? the category of all 
right i?-modules. 

Moreover, given M e Mod- R, we write pd M for the projective dimension of M. 

1.2. Definition. Let R, S be two rings. A morphism of rings A: R ^ S is called a 
ring epimorphism if, for every pair of morphisms of rings Si: S ^ T, i — 1,2, the 
condition 6iX = S2X implies Si = ^2. 

Of course, if A : i? — > S* is a morphism of rings, then every right (left) ^-module is 
a right (left) i?-module, and every morphism of right (left) ^-modules is a morphism 
of right (left) i?-modules. Moreover, it is well known that the category Mod- S' is a 
full subcategory of Mod- R if and only if A is a ring epimorphism |,Ste75t Chapter XI, 
Proposition 1.2]. 
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We will mainly deal with injective ring epimorphisms which in addition satisfy 
the following homological property studied by Geigle and Lenzing in [GL91| . see 
also }Dic77j and |Nee07j . 

1.3. Definition. Let R, S be two rings and A: i? — > S* a ring epimorphism. Then 
A is a homological ring epimorphism if Tor^(S', S) — for all i > 0. 

Actually, we will see that in our context it is enough to require that Torf (S*, S) = 
0, a condition that Schofield has characterized as follows. 

1.4. Theorem ( [Sch85[ Theorem 4.8]). Let ip : R S be a ring epimorphism. The 
following statements are equivalent. 

(1) Torf (S',S') = 0. 

(2) Torf (Af, N) = Torf (M, N) for all M G Mod-S* and N e S'-Mod. 

(3) Ext^(M, N) = Ext5(M, N) for all M,N e Mod- S. 
(i) Ext^(M, N) = Exts(M, N) for all M, N e S'-Mod. 

The following notion from jGLQlj will be useful for our discussion. 

1.5. Definitions. If 5 is a class of right i?-modules, the (right) perpendicular cat- 
egory to S is defined to be the full subcategory of Mod- R consisting of all 
modules A satisfying the following two conditions 

a) HomKlS", ^) = for all S eS. 

b) Ext]j(5, A) = for all S eS. 

If iS = {S} we will write Xs instead of <-f{5}. 

Given an injective homological ring epimorphism A : i? — > S*, the right S'-modules 
can be characterized inside the category of all right i?-modules as the objects of 
the perpendicular category Xg/ff. 

1.6. Theorem (cf. [GLQl) Proposition 4.12]). Let X: R ^ S be an injective ring 
epimorphism with Tor^(S', S*) = 0. Then the following are equivalent for M 6 
Mod-i?. 

(1) Me Mod- S. 

(2) Ext]i{S/R,M) = RomR{S/R,M) = 0. 

Proof. Applying Hom7j'(_, A/) to the exact sequence ^ R ^ S ^ S/ R ^ we 
get 

^ RomniS/R, M) IlomR{S, M) ^ Hom^Xi?, M) 

Ext^iS/R, M) Ext^iS, M) 

(1) ^ (2) : liM G Mod- S, then Ext^(5', M) = Ext^(5, M) = 0. Moreover the com- 
position of maps M ^ Homs(S', Af) = YLoYnR{S,M) ^ Homfl(i?, Af) ^ Af is the 
identity on Af , and 7 is an isomorphism. Hence Ext^(S'/i?, M) = 'Rotiir{S / R, M) = 
0. 

(2) ^ (1) : Assume Exi]^{S/R,M) = Homfl(S'/i?, Af) = 0. Then 7 is an isomor- 
phism, and Yio\RR{S,M) ^ Homij(i?, A4") = M, f ^ f\R^ /(I), endows M with 
a structure of right S'-module. ■ 

1.7. Remark. As a consequence of the last proof, we see that for a right i?- module 
M, the only possible structure as right 5- module is the one given by Homfl(S', M). 
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2. Tilting modules arising from ring epimorphisms 

2.1. Definitions. Let i? be a ring. 

(1) Given a class £ of right i?-niodules, we denote 

= {M e Mod- R I ExtJj(L, M) = for all LeC}. 

li C = {L} we will write instead of {L}^. 

(2) For a right i?-module M, we denote by AddM the class of all isomorphic 
images of direct summands of direct sums of copies of M, and by Gen M the class of 
all right i?-modules generated by M, i.e. the right i?-modules which are epimorphic 
images of arbitrary direct sums of copies of M. 

(3) A right i?-module T is said to be a tilting module if GenT — T^. This is 
equivalent to the definition given in the introduction, see [CT95j . The class T-^ is 
called a tilting class. 

(5) Two tilting modules T and T' are said to be equivalent if their tilting classes 
T-L and T'-^ coincide. This is equivalent to the condition Add(T) = Add(T'). 

2.2. Example. Q ® QfZ is a tilting Z-module. Its tilting class is the class GenQ 
of all divisible groups. Notice that Z ^ Q is a ring cpimorphism with pd Qz < 1 
and Torf(Q,Q) = 0. 

We will now study tilting modules, like Q©Q/Z, constructed from injective ring 
epimorphisms. We start out with a generalization of some results from |AHHT05|. 
Section 6], which in turn generalized part of [Mat 73} Chapter 1]. The proofs are 
very similar to the ones in [AHHT05] . so we mostly omit them. 

2.3. Lemma. Let A: R ^ S be an injective ring epimorphism, and let M he a right 
R-module. The image of the morphism Homij(5', M) — > M, / t-^ f{l) coincides 
with the trace trs(M) = J^ifiS) I / e RomR{S,M)} of S in M. 

The following lemma generalizes |Mat73[ Lemma 1.8]. 

2.4. Lemma. Let R be a ring. Let A : i? — > S* be an injective ring epimorphism 
with Tor^(S', S") = 0. Then the following statements are equivalent. 

a) trs(M/trs(M)) = for all M G Mod-i?. 

b) GenSfi is closed under extensions. 

Proof, a) &) : Let O^A^B^B/A^Ohean exact sequence with 
A, B/A G GenSfi. Since A is contained in tr5(_B), we get the surjective morphism of 
right i?-modules B/A B/ tis{B). Hence B/ tis{B) G GenS'_R, but by hypothesis 
Homjj(S',B/trs(B)) = 0. Therefore B/ttsiB) = and B = trs(B) G GbuSr. 

6) a) : Suppose trs(M/ trs(M)) for some right i?- module M. Then 
there exists a submodule X of M such that X contains tr5(M), X/ tTs{M) ^ 
and X/trs(M) G GenS'^. Consider the exact sequence tr5(M) X ^ 
Xj tr5(M) 0. By hypothesis, X G Gen5ij, which implies X = trs{M), a con- 
tradiction. ■ 

2.5. Theorem. Let R be a ring. Let X: R S be an injective ring epimorphism 
with Tor^(S', S) ^ 0. Denote by Xs the perpendicular category to Sr. The following 
conditions are equivalent. 

(1) Pd(^fl) < 1. 

(2) Xs is closed under cokernels of monomorphisms. 

(3) Ext]^(S'/i?,M) belongs to Xs for any right R-module M . 

(4) (S/R)^ = Gen Sr.. 

(5) T — S ® S/ R is a tilting right R-module. 
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(6) pd{{S/R)R) < 1. 

Moreover, under (l)-(6), Hom;j(5, M/ tr5(M)) = for any right R-module M. 

Proof. For (1) ^ (2), see for example |GL91|. Proposition 1.1] or |AHHT05|. 
Proposition 6.3]. 

(2) ^ (3) : First of all, using that A: i? — > 5* is an injective ring epimorphism 
with Torf (5, S) = 0, one shows as in |AHHT05[ Lemma 6.1] that Homfl(5'/i?, M) 
belongs to Xs for any right i?-module M. Denote now by E{M) the injective hull of 
M. Applying the functor Hom/j(S'/_R, _) to the exact sequence — > Af ^ E{M) 
E{M)/M ^ we get 

Homfl(5/i?,A/) ^ YiomR{S/R,E{M)) ^ Yiom.R{S/ R,E{M)/M) 

-> Ext]^ (S'/i?, M) Ext^(S'/i?, E{M)) = 0. 

Our assumption (2) then yields that im/3 and Ext}j(5/i?, A/) belong to Xs- 

(3) (4) : Let AT be a right _R-module. Applying Homfl(_, Af^) to the sequence 
R^ S ^ S/R we obtain 

^ RomniS/R, M) ~y RouiRiS, M) ^ Rouyr{R, M) ^ 
Extjj M) ExtJjXS*, M) Extjj(i?, M) = 0. 

The natural isomorphism Hom/;(i?, Af) M, defined by / i-^ /(I); gives a map 
a: Homfl(S', A/) A/ whose image is the trace of 5 in Af by Lemma [2.31 Hence 
M £ Gen Sr if and only if a is surjective. If A/ G (S/R)^, then clearly a 
is surjective and M g Gen Sr. Conversely, suppose that a is surjective. Then 
ExtR{S/R, M) ^ Ext^(5, A/), so ExtJ^XS*, M) belongs to Xs by (3). But Ext^(S', Af) 
is a right S'-module, and the only right S'-module which belongs to Xs is the zero 
module. Hence Ext],(S', Af) = F.jit]j{S/ R, M) = 0, and M G (S/R)^. 

(4) (5) : By (4), GenTR = Gen Sr = {S/R)^ = T^, and so T is a tilting module. 

(5) (6) : If Tr is a tilting right i?-module, then pdTp < 1, which clearly implies 
pd{{S/R)R) < 1. 

(6) (1) is clear. 

To prove the last part of the Theorem, notice that Gen Sr is closed under ex- 
tensions by (4). Now apply Lemma ■ 

2.6. Remarks. Suppose A: i? ^ 5 is a morphism of rings as in Theorem 12.51 

(1) When i? is a commutative ring and S the full ring of quotients of R, the objects 
of the right perpendicular category Xs are precisely the i?-modules that Matlis 
called cotorsion in [Mat73j . 

(2) In many cases, for example if i? is a hereditary ring, S (B S/R is a two-sided 
tilting i?-module. 

2.7. Examples. Let i? be a ring. 

(1) Denote by Qmax(^)fl the maximal right ring of quotients of R, see e.g. |Ste75[ p. 
200]. Assume that pd{Q^^i^^{R) r) < 1 and that one of the following conditions 
is satisfied: 

(a) i? is a right nonsingular ring such that every finitely generated non-singular 
right _R-module can be embedded in a free module, or 

(b) Qmax(-K) is right Kasch (for example, this holds true whenever Q^^^^^{R) is 
semisimple) . 

Then (5max(^)®<3max(-R) is ^ tilting right i?-module. This follows combining 
Theorem with [Stetsl Chapter XII, Theorem 7.1] in case (a), or with [Ste75|. 
Chapter XI, Proposition 5.3] in case (b). 
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(2) By 'Ste75', Chapter XI, Theorem 4.1] there exist a ring Ql^^^{R) and a ring 
epimorphism (p: R Ql^^ (R) such that 

i) cp is an injective ring epimorphism and Qtot(i?) is flat as a left i?-module. 

ii) For every injective epimorphism 7; i? ^ T of rings such that j^T is flat, 
there is a unique morphism of rings 5: T ^ Ql^^{R) such that Sj — ip. 

If pd(Q[„t(i?)ij) < 1, then we infer from Theorem [13] that Ql^^{R)®Ql^^{R) / R 
is a tilting right _R-module. 

Our next aim is to characterize the tilting modules that arise from injective ring 
epimorphisms as in Theorem 12.51 We first introduce some terminology. 

2.8. Definitions. Let i? be a ring. Let M be a right i?-module and C a class of 
right i?-modules closed under isomorphic images. 

(1) C is said to be a torsion class if it is closed under extensions, direct sums 
and epimorphic images. 

(2) A morphism / 6 Homfl(Af, C) with C G C is a C-preenvelope of M provided 
the morphism of abelian groups IIom/;(/, C") : IIom7j(C, C") IIomfl(M, C") is 
surjective for each C 6 C, that is, for each morphism f':M C there is a 
morphism g: C C such that the following diagram is commutative. 

M— 

I 

I g 
y 

C 

(3) A C-preenvelope / e IIomfl;(M, C) is a C-envelope of M provided that / is 
left minimal, that is, every g 6 Endi?(C) such that f — gf an automorphism. 

(4) A C-preenvelope / E Hom/j(Af, C) is said to be a C-reflection of M provided 
the morphism of abelian groups IIom/j;(/, C") : IIomii;(C, C") — > IIom/j(M, C") is 
bijective for each C" € C, that is, the morphism g: C — > C" in the diagram above is 
always uniquely determined. Of course, every C-reflection is a C-envelope. 

(5) C is said to be a reflective subcategory of Mod- R if every i?- module M admits 
a C-reflection. 

2.9. Remarks. (1) If T is a tilting module, then every i?-module M admits a 
T^-preenvelope, see |AHTT01| . In particular, if ^ i? A Tq ^ Ti ^ is an 
exact sequence where Tq,Ti G AddT as in condition (T3) in the Introduction, then 
the map a : i? — > Tq is a r"'^-preenvelope of R. 

(2) It is well known that a class of right i?-modules C is a reflective subcategory 
of Mod- R if and only if the inclusion functor t : C ^ Mod- R has a left adjoint 
i : Mod-i? C. Then a C-reflection of M is given as e&f ■ M ^ £{M) where 
e : iMod-fl ^ is the unit of the adjunction, see e.g. jSte75[ Chapter X, §1]. 

(3) When they exist, C-envelopes and C-reflections are uniquely determined up 
to isomorphism. 

We are now ready for the main result of this section. 

2.10. Theorem. Let R be a ring and T be a tilting right R-module. The following 
statements are equivalent. 

(1) There is an injective ring epimorphism X : R S such that Torf (S*, S*) = 
and S (B S/R is a tilting module equivalent to T. 

(2) There is an exact sequence 0^i?-^To^Ti->0 such that Tq,Ti e AddT 
and IIomfl;(Ti, Tq) — 0. 
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Moreover, under these conditions, a : R ^ Tq is a T -envelope of R, and A : i? — > S* 
is a homological ring epimorphism. 

Proof. The implication (1)=>(2) follows immediately by choosing the exact se- 
quence ^ R^ S ^ S/R 0, keeping in mind that Add(S' ® S/R) = Add(T), 
and that RomR{S/R, S") = by Theorem [HI 

For the implication (2)=>(1), observe first that a is a Gen(r)-preenvelope of R, 
so GenT = GenTo by |AHTTOT| Lemma 1.1]. Moreover, it is easy to see that 
T' = To © Ti G AddT is a tilting module with GenT' = GenTo. Then T' is 
equivalent to T, and GenT = (Tq © ^i)^ = (Ti)-'-. In particular, T-j^ is a torsion 
class, and Ti is a partial tilting module in the sense of [CTT07j . 

Denote now hy X = Xti the perpendicular category of Ti . As shown in [CTT07|, 
Proposition 1.3 and 1.4], A" is a reflective subcategory of Modi? which is closed under 
extensions, arbitrary direct sums and direct products, kernels and cokernels. 

Then, as in [CTT07[ Proposition 1.5], one can apply results of Gabriel and 
de la Pena [GdlP87[ Theorem 1.2] or Geigle and Lenzing [GL911 Proposition 3.8] 
to obtain a ring epimorphism X : R ^ S such that the category Mod- S, when 
viewed as a full subcategory of Mod-i?, is equivalent to X. More precisely, if 
£ : Mod- i? ^ A" is a left adjoint of the inclusion functor /, : A" — > Mod- R, then £{R) 
is a projective generator of X, and the functor Homfl,(£(i?), — ) preserves coproducts. 
So, if we set S = Endfl-^(i?), we obtain mutually inverse functors Hom/j(^(i?), — ) 
and — ®s £{R) between X and Mod-S'. Moreover, the assignment A(r) — £{mr), 
where : R ^ R denotes the left multiplication with the element r, defines a 
ring epimorphism A : i? — > 5. Note that A(r) is the uniquely determined element 
of S extending the endomorphism of R. In other words, if e^j : i? — > i{R) is the 
A'-reflection of R, then A(r) en = rur- 

Now, in our case Tq belongs to X, and R ^ To is an A'-reflection of R, that 
is, we can choose en — a and ({R) = Tq. In particular, since a : R —^ Tq is a 
monomorphism, X : R S is injective. Indeed, A(r) — implies arur — 0, hence 
rrir = and r = 0. Moreover, Tq and Sr are canonically isomorphic, thus Sr 
has projective dimension at most one, and A is a homological ring epimorphism by 
|GL91[ Corollary 4.8]. So, we conclude from Theorem [T^ that S © S/R is a tilting 
module with tilting class Gen(5'_R) = Gen(To) = Gen(r). 

For the last statement, note that the ^-reflection a : R ^ Tq is left minimal, 
thus also a GenT-envelope of R. m 

2.11. Examples. (1) In general, in the situation of Theorem 12. 101 S is not flat as 
a left i?-module. 

Let us look at |CTT07( Example 2.2]. Here R is the path algebra given by the 
quiver 3 1 2 ^ 4, and we consider the tilting i?- module T = tIi (Bh^h^h- 
There is an exact sequence ^ R^ (t/i)^©(/4)^ -> l2®h where Ti = ©/s 
and To = (rJi)3 © (14)3 belong to Add(T), and Hom7j(Ti,To) = 0. But the left 
adjoint i : Mod- R ^ X oi the inclusion functor l : X ^ Mod- R is not (left) exact, 
and thus rS is not perfect, cf. [CTT07i Example 2.2]. 

An example where S is not flat as a right (nor as a left) i?-module will be given 
in Example [XT71 

(2) If we omit the assumption IIomfl(Ti,To) — 0, we still have a ring epimor- 
phism X : R S such that X is equivalent to Mod- S. However, Sr need not 
have projective dimension at most one, and A need not be a homological epimor- 
phism. Consider |CTT071 Example 2.4]. Here R is the algebra given by the quiver 

1 A 2 <^ 3 with the relation l3a — 0, and we take T = R with the (split) exact 



8 



LIDIA ANGELERI HUGEL AND JAVIER SANCHEZ 



sequence ^ R R(B P2 ^ P2 ^0. Then 5*^ = 6*3 ©5*1 has projective dimension 
2 and A is not a homological epimorphism, cf. [CTT07|, p. 229]. 

(3) Let i? be a hereditary (indecomposable) artin algebra of infinite representa- 
tion type. Denote by p the preprojective component of R. There is a countably 
infinitely generated tilting i?-module generating p-'-, called the Lukas tilting mod- 
ule, and denoted by L, cf. [Luk9H IKT05| . It has the property that there are 
non-zero morphisms between any two non-zero modules from AddL, see [LukQli 
Theorem 6.1 (b)] and |Luk93l Lemma 3.3 (a)]. So, there cannot be an exact se- 
quence O^R-^Lq^Li^O such that Lq, Li G AddL and Homij;(ii, Lq) = 0, 
and therefore L does not arise from a ring epimorphism as above. 

(4) Let i? be a Priifer domain which is not a Matlis domain, that is, the quotient 
field Q has projective dimension > 1 over R. Then R has no divisible envelope, see 
[GT06[ Corollary 6.3.18]. So, the Fuchs tilting module 6, which is a tilting module 
generating the class of all divisible modules |GT06[ Example 5.1.2], is another 
example of a tilting module that does not arise from a ring epimorphism as above. 

3. Tilting modules arising from universal localization 
Let us recall Schofield's notion of universal localization. 

3.1. Notation. Let i? be a ring. By Pji {rV) we denote the category of all finitely 
generated projective right (left) i?-modules. 

Let P and Q be finitely generated projective right i?-modules. By P* we denote 
the finitely generated projective left i?-module Hom/j (P,i?). If a G Homfl;(P, Q), 
we denote by a* the morphism of finitely generated left i?- modules a* : Q* P* 
defined by 7 1— > ja. 

For a class of morphisms E between finitely generated projective right i?-modules 
we set S* = {a* I a G S}. 

3.2. Theorem f [Sch85[ Theorem 4.1]). Let R be a ring and H be a class of mor- 
phisms between finitely generated projective right R-modules. Then there are a ring 
i?s and a morphism of rings X: R Rs such that 

(i) A is E-inverting, i.e. if a: P ^ Q belongs toT., then a iSirIr^'. P'SirRi: — > 

Q (E)_R i?s is an isomorphism of right Rs-modules. and 
(a) A is universal E-inverting, i.e. if S is a ring such that there exists a "E-inverting 

morphism tp: R S , then there exists a unique morphism of rings ^ : i?s — > 

S such that ipX — ijj. 

3.3. Definition. X: R —^ Ry. as above is called the universal localization of R at 
E. In the same way one defines the universal localization at a class of morphisms 
between finitely generated projective left i?,-modules. 

3.4. Remarks. Let i? be a ring and let E be a class of morphisms between finitely 
generated projective right i?-modules. 

(1) The universal localization i?5] of i? at E is unique up to isomorphism of i?-rings, 
i.e. if Ai : i? — > Si, i = 1,2, are universal localizations of R at E, there exists a 
unique isomorphism of rings Lp: Si ^ S2 such that ipXi = A2. 

(2) is isomorphic to 

(3) X: R ^ i?s is a ring epimorphism with Torf (i?s, -Rs) = 0. So, if A is injective 
and pdi?s < 1, then we infer from Theorem 12.51 that Rj: © R^/R is a tilting 
module with tilting class GenR^ = (R^/R)^. 

(4) If A : i? — !■ i?5] is injective, then every a G E is injective. 

Proof. (1) follows from the universal property of universal localization. For a 
proof of (2), we refer to |Sch85l page s 51-52]. (3) holds by |Sch85l Theorem 4.7] 
and Theorem [Ol For (4) see |NeeQ71 Proposition 2.2]. ■ 
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Remarks 13.41 (2) and (4) show that the injectivity of all morphisms in E and S* 
is a necessary condition for A to be injective. Let us now turn to the cokernels of 
maps in S. 

3.5. Definitions, (a) Let U he a right (left) i?-module. We say that U is a bound 
right (left) R-module if U is finitely presented, pdU = 1 and Hom/i(C/, i?) = 0. In 
other words, U is a bound right (left) i?-module if and only if U is the cokernel of 
some morphism a: P Q with P,Qg Vr (rV) such that a and a* are injective. 

(b) If C/ is a bound module with projective presentation ^ P Q ^ U 0, 

then we have an exact sequence ^ Q* °^ P* ^ cokera* — > 0, and cokera* is 
the Auslander-Bridger transpose of U denoted by Tr?7 = cokera*, see for example 
|ARS95| . 

(c) Let now U he a class of bound right i?-modules. For each U & consider a 
morphism ajj between finitely generated projective right i?-modules such that 

(1) 0^P°5Q^C/^0 

is exact. We will denote by Ry the universal localization of i? at S = {au \ U G U}. 
In fact, Ru does not depend on the chosen class E, cf. |Coh85| Theorem 0.6.2], and 
we will also call it the universal localization of R at lA. By abuse of notation, we 
will write ajj S U for any morphism ajj between finitely generated projective right 
i?-modules as in ([T]) with U E U. 

Finally, a right i?-module N is said to be U -torsion- free if IIom/j(L/, N) = for 
all U eU, and N is said to be U-divisihle if Ext]j([/, TV) = for aU U eU. 

3.6. Remark. It is known that a tilting module T is of finite type [BH08[ The- 
orem 2.6], that is, there exists a set V of finitely presented modules of projective 
dimension at most one such that = V^. When R is a semihereditary ring, every 
finitely presented module M is of the form M = P®U where P is finitely generated 
projective and [/ is a bound module [Liic97[ Theorem 1.2(3)]. Thus every tilting 
class is of the form where V is a set of bound modules if i? is a semihereditary 
ring. 

3.7. Example. If i? is a ring and il C i? is a right denominator set, then the right 
Ore localization _Ril^^ is the universal localization of R at all the maps Q!,i : R —>■ 
R, r ur, where u £ il. Equivalently, RiX^^ is the universal localization of R at 
the maps a*, m G il, given by right multiplication by u. 

In the same way, if il is a left denominator set, then il^^i? is the universal 
localization of R at the maps a„, u £ H, and also the universal localization at the 
maps a* , M G il. 

Notice further that if il is a left Ore set of non-zero-divisors of R, then U = 
{R/uR I M e il} and TrZ^ = {TrU \ U e U} ^ {R/Ru 1 w G il} are sets of 
bound modules, and il~^i? = Ru = RtiU- Moreover, M is il-torsion-free iff M is 
Zi-torsion-free, and M is il-divisible iff M is W-divisible. 

According to the definition above, the perpendicular category Xu of a class of 
bound modules U consists of the W-torsion-free and W-divisiblc modules. It can 
also be interpreted as the category of modules over the universal localization of R 
at U, as shown by Crawley-Boevey jt^BQl. Property 2.5] in a slightly less general 
situation. 

3.8. Proposition. Let R be a ring. Let U be a class of bound right R-modules. The 
following statements are equivalent for M £ Mod- R. 

(1) Me Mod- Ru- 

(2) 1m ®r ol[, is invertible for all morphisms ajj G U. 
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(3) Tor]j (M, Tr [/) = M ®_r Tr [/ = for every right R-module U eU. 

(4) RouiRiU, M) = Ext^(C/, M) = for every right R-module U eU. 

Proof. For the implication (1) <^ (2), see the proof of |Sch85|, Theorem 4.7]. 
(2) ^ (3) ^ (4) : Take au e U- Then from 

-> Q* P* ^TtU 0, 
we get the following commutative diagram of exact sequences 

^ Torf (M, Tr [/) ^ M Q*'-^^"m ®rP* — ^ M ®rTtU ^0 

\ \ 

UouiRiU, M) Homfl(Q, M) ^ Homi?(P, M) ^ Ext]j([/, M) ^ 

where the vertical arrows are isomorphisms. Hence 1 m ®r olij is an isomorphism 
if and only if Tor^(M,TrJ7) M ®rTtU = Q \i and only if Homfl,(J7,Af) = 
Ext]j(C/, M) = 0. ■ 

3.9. Proposition (cf. | AHHT05| Remark 5.8]). Let U he a class of hound right 
R-modules, and TiU — {TrJ7 | U £ U}. Then the class lA^ of U-divisihle modules 
is a tilting class. Moreover, the class of Tr U -torsion- free modules is a cotilting 
class of left R-modules. More precisely, it is the cotilting class of cofinite type that 
corresponds to lA'^ under the hijective correspondence from |AHHT0"6l Theorem 2.2] . 

Proof. For the first statement, see for example |GT06[ Corollary 5.1.16]. For the 
second statement, recall that the correspondence in |AHHT06l Theorem 2.2] sends 
the tilting class to the cotilting class W ^ {rX \ Torf (C/,X) = for allC/ 6 
W}- 

liU ^ U, and ^ P ^ Q ^ U ^Oisa projective presentation of U with P and 
Q finitely presented, we obtain the exact sequences ~> Q* ^ P* ^ TrU 0, 
and 

— y Torf (f7, X) — > P^X — yQ®X — yU^X >0 

-> RomR{TrU,X) Homj^(P*,X) llomR{Q*,X) -y Ext)j(Tr [/, X) ^ 0. 

Since P (S>r X ^ Hom/j(P*,X) and Q ®_r X = Hoirr^Q* , X) are naturally iso- 
morphic, we get Torf (C/,X) ^ RomR{Ti U, X) . Therefore X e W ii and only if 
Homi^(Tr U,X) = for all U eU, that is, X is Tr W-torsion-free. ■ 

When X : R ^ Ru is injective and ^dRu < 1, we have a tilting module Ru ® 
Ru/R by Theorem 12.51 In general, however, its tilting class Gen. Ru does not 
coincide with the tilting class , as we will see in Example 14.71 The next result 
describes the case when GenRy = . We first need some preliminaries. 

3.10. Definitions. An ascending chain {N,j\v < k) of submodules of a right i?-module 
N indexed by a cardinal k is called continuous if N^, — U iV^ for all limit ordinals 

V < K. The continuous chain is called a filtration of if A^o = and A^ = U A"^. 

Given a class U of right i?- modules, we say that a right i?-module A^ is U -filtered 
if it admits a filtration {Ny\u < k) such that N^^i/N^ is isomorphic to some module 
in U for every v < k. 



The following result is well known. 
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3.11. Lemma ( |GT06[ Lemma 3.1.2]). Let M be a right R-module, and let U he a 
class of right R-modules such that M G . If N is a U-filtered right R-module, 
then M e N-^. 

3.12. Theorem. Let R be a ring. Let U be a class of bound right R-modules. 
Let further X : R ^ S be an injective ring epimorphim with Tor{^ (5, 5) = and 
pdS^ < 1 . The following statements are equivalent. 

(1) Gen Sr=U^. 

(2) The map X: R S is a lA'^ - (pre) envelope. 

(3) Sji G U'^ , and every (pure-injective) module M G belongs to 

In particular, conditions (1) — (3) hold true if Sr G and S/R is a direct limit 
of U-filtered right R-modules. 

Proof. We already know by Theorem [23] that T = S (S S/R is a tihing right 
i?-module with GenT = GenS'^ = (S/R)^. 

(1) ^ (2) : If Af G = Gen Sr, then Ext]^{S / R, M) = 0, and therefore 
Homj^(A, M) is surjective. So, A : i? — * S* is a W^-preenvefope. Suppose now 
that g G Endfl(S') satisfies A = gX. Since Mod-S* is a full subcategory of Mod-i?, 
g G Ends(S'). Now, since 17(1) = 1, we get that g is the identity and therefore an 
isomorphism. So A is even a W^-envelope. 

(2) =^ (1) : By the definition of a preenvelope, we have that Sr belongs to U^. 
Since is a torsion class, it follows GenS'i? C U-^. For the reverse inclusion, note 
that Sr is a generator ofU-^ by [AHTTOl) Lemma 1.1]. 

(1) (3) follows from (S/R)^ = Gen Sr. 

(3) (1) : Since is a torsion class, we deduce as above Gen Sr C U^. To 
prove equality, note that both classes are tilting classes. By [BHOS) Theorem 1.6] 
it follows that they are both definable classes, that is, they are closed imder direct 
products, direct limits, and pure submodules. As noted in Section 2 of [BH08| . a 
combination of Ziegler's result [Zie84[ Theorem 6.9] and Keisler-Shelah Theorem 
(cf. [Kei61j and |She71| ) implies that GenS'^ and coincide if and only if they 
contain the same pure-injective right i?-modules. The latter holds true by (3). 

We now prove the last statement. Suppose that Sr G U-^ and S/R = liniA^i 

where all Ni are Z/^-filtered right i?-modules. By condition (3) it is enough to show 
that every pure-injective module M G U-^ belongs to {S/R)^. Now, for such module 
M we have 

ExtRiS/R,M) = Ext^(limiV„ A/) = limExt^(iV,, M). 

Since aU N, are Z^^-fihered, Ext^(7Vi, M) = Ohy LemmaEHl thus Ext]j(S'/i?, M) = 
0. ■ 

3.13. Corollary. Let R be a ring. Let U be a class of bound right R-modules. 
Suppose that R embeds in Ru, and pd{Ri()R < 1. Assume further that Ru/R is a 
direct limit of U-filtered right R-modules. Then Tu = Rjj © Ru/R is a tilting right 
R-module with GenTu = Gen{Ru)R — U^. 

Proof. Notice that Ru G U-^ because Ru is a right i?;^-module, see Proposition l3.8l 
So, the statement follows immediately from Theorem 13.121 and Remark l3.4( 3). ■ 

We now give some applications of the last results. We start with an extension 
of [AHHTOS) Proposition 6.4]. 

3.14. Corollary. Let R be a ring. Let ii be a left Ore set of non- zero- divisors of 
R. Then pd{H^^ Rr) < 1 if and only if Gen{ii^^RR) coincides with the class of 
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H-divisible right R-modules. In this case Tix — ii © il ^R/ R is a tilting right 
R-module whose tilting class coincides with the class of iX- divisible right R-modules. 

Proof. Suppose pd(il~^i?7j) < 1. Since il consists of non-zero-divisors, R embeds 
in il^^i?. Setting U = {R/uR \ u G il}, we know by Example 13.71 that W is a set of 
bound right i?-modules and Ru = On the other hand, given u,w G H, there 

exist 2 € il, w G R, such that wu ~ zv. Then 



Hence every finitely generated right submodule of il ^i? is contained in u ^R for 
some u G il. Therefore ii~^R/R — \im u^^R/R. Moreover, notice that for every 

M G il, u~^R/R = R/uR, thus, il~^R/R is a direct limit of the ZY-filtered modules 
u-'^R/R. Then, applying Corollary [Sini we obtain that Tu = il" ^ i? © il^^ is 
a tilting right i?-module and Gen(rix)i?. — Gen(il~-'^i?)fl, — U^. 

The proof of the other implication is given in the last paragraph of the proof of 
[XHHT05|. Proposition 6.4]. ■ 

3.15. Remark. If il is a twosided Ore set of non-zero-divisors, then pd(ij;il"^i?) < 1 
if and only if Gen(ijil~^i?) coincides with the class of il-divisible left _R-modules. 
In fact, in this case il~-'^i? = _Ril~^ — Ru, and we can apply the left version of 
Corollary [3II3] on rRH-^ 

However, if il is just a left Ore set of non-zero-divisors of i?, and pd(fl'il"^i?) < 1, 
then Tu = ii~^R®il~^R/R is a tilting left i?- module by Theorem l2.51 but we cannot 
compute as we don't know whether ii~^R/R can be written as a direct limit of 
{R/Ru I u G il}-filtered left i?-modules. 

Stronger results will be obtained in Theorem 15.71 under the assumption that R 
is a hereditary noetherian prime ring. 

3.16. Corollary ( [GT06| Remark 6.3.17]). Let R be a commutative valuation do- 
main with field of fractions Q. Suppose that pd(i?p)i^ < 1 for each prime ideal p of 
R ( equivalently, suppose that Rp is countably generated as an R-module for every 
prime ideal p of R). Then the set T = {Tp = Rp (B Rp/R \ p G Spec(i?)} is a 
representative set up to equivalence of the class of all tilting R-modules. 

Proof. For each prime ideal p of i?, let ilp = i? \ p. By CoroUarv 13. 141 we know 
that Tp = iZp © Rp/R is a tilting i?-module and equals the class of ilp -divisible 
i?-modules. 

It is known that the set of Fuchs tilting modules {d^^ \ p G Spec(i?)} is a 
representative set up to equivalence of the class of all tilting i?-modules, and is 
the class of ilp -divisible i?-modules |GT06[ Theorem 6.2.21]. 

The assumption that pd(i?p)fl; < 1 for each prime ideal p of i? is satisfied if 
and only if Rp is countably generated as an i?-module for every prime ideal p of 
R. In fact, if i? is a commutative local ring and il is a multiplicative subset of 
non-zero-divisors, then pdi?il^^ < 1 if and only if i?it^^ is countably generated 
i?-module [AHHTOSl Page 531]. In the particular case when i? is a valuation 
domain see |FS851 Theorem IV. 3.1] ■ 

3.17. Example, (see also jNee07| Example 0.2]) Let X be a nonempty set. Let G 
be the free group on X. Let fc be a field. Consider the free algebra R = k{X) and the 
free group algebra kG with the natural embedding k{X) > kG which sends x x 
for every x € X.Let X ^ {k{X)/xk{X) \ x eX}. Then Tx ^ kG ® kG/k{X) is a 
tilting right i?- module with = X-^. 



u-^R -f- v~^R C {zv)-^R = {wu)-^R. 
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In fact, if E = {ux \ x £ X} where ax - k{X) k{X) is defined by p i— »■ xp, 
then kG can be regarded as the universal locaHzation of i? at X. Since k{X) is 
hereditary, pd(fcG') < 1, so Tx is a tilting right i?-module by Rcinark l3.4r 3). 

Note that X isa. set of bound right fc(X}-niodules. Since kG is a right fcG-module, 
kG e X-^ by Proposition 13.81 We now verify condition (2) in Theorem 13.121 Let 

M £ X-^. We have to show that for every k{X) ^ M, there exists f : kG M 
extending /. We will define / on the elements of G and then extend it by linearity. 
Every element g £ G can be uniquely expressed as a word of the form 

(2) g = xl^ ■ ■ ■ x'p' where Xi £ X, e-i = ±1 and Xi ^ Xi^i if e.^ = — e^+i. 

We proceed by induction on the length of g.li r — 0, that is, g = 1, then we define 
/(I) as /(I). Let r + 1 > and suppose we have defined f{g) for all g G G of length 
< r. Let g be a word of length r + 1, suppose g ^ x*^^ ■ ■ ■ = hxl!'_^^ as in 
Notice that for each m £ M and x £ X there exists n £ M such that m — nx. This 
can be seen applying Homfl(_,M) to the short exact sequence determined by ax 
and the fact that M G X-^. So fix rt G M such that nxr+i = f(h). Then 



fig) 



J{h)xl''_^l if er+i = 1 
n if Cr+i = — 1. 



Hence k{X) ^ kG is an A'-^-preenvelope, and — GenfcG = X-^. 

Finally, observe that kG is not a flat right (left) fc(X)-modulc if |X| > 2 . Indeed, 
let X ^ y E X. Consider the unique embedding of left (right) A;(X)-modules such 
that 

k{X)®k{X) ^ k{X) 
(1,0) ^ X 

(0,1) ^ y 

Consider Ikc '^ct: kG ® kG — > kG. Then (a;^^,0) and (0,2/^^) have the same 
image 1. Thus I^g ® a {a® Ifcc) is not injective. 

It can be seen that Tx is also a tilting left i?-module with /?T^ = {k{X) /k{X)x \ 
X G X}^. 

4. Projective rank functions 

We recall some notions and results from [Sch85| and [CB91] . For details, we 
refer to SchSS, Theorems 1.11, 1.16, 1.18, 1.22, 5.1, 5.5] and |CB9H Theorem 1.4]. 

4.1. Definitions. Let i? be a ring. We denote by Ko{R) the Grothendieck group 
of finitely generated projective right i?-modules modulo direct sums, that is, the 
abelian group generated by the isomorphism classes [P] of P G Vr modulo the 
relations [P] + [Q] - [P ® Q] for all P,Q gPr. 

(a) A (projective) rank function on a ring i? is a morphism of groups p: Ko(R) — > 
K such that 

(i) p{[P]) > for aU P G Pr, 

(ii) p{[R]) = 1. 

If p([f ]) > for every nonzero P G Vr, we say that p is a faithful rank function. 
For sake of simplicity we will write p{P) instead of p{[P]). 

(b) Let a: P ^ Q be a morphism between finitely generated projective right 
i?-modules. Consider the finitely generated projective right i?-modules P' such 
that there exist morphisms (3, 7 making the following diagram commutative 



(3) P^^Q 

P' 



/ 
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We define the inner rank of a as p{a) = inf{p{P') \ P' satisfies ([3])}. 

(c) We say that a morphism between finitely generated projective right i?-modules 
a: P Q is full in case p{a) — p{P) = p{Q)- We denote the localization of R at 
the set of all full morphisms by Rp, and we call it the universal localization of R 
at p. If p is faithful and a is full, we define a to be an atomic full morphism if, in 
any nontrivial factorization as in Q, we have p{P') > p{P) — p[Q) — p[a). 

4.2. Theorem. Let R be a hereditary ring with a faithful rank function p. Let S be 
a collection of full maps. Then R embeds in R-^. 

4.3. Definition. Suppose i? is a semihereditary ring with a faithful rank function 
p. Notice that every full map is injective under these assumptions since P = ker7® 
im7 for every morphism P Q between finitely generated projective right 
i?-modules. Let M be a right i?-module. We say that M is p-torsion if M is the 
cokernel of a full morphism. We say that M is p-simple if M is the cokernel of an 
atomic full morphism. 

Of course, the p-torsion (and the p-simple) modules are bound right i?-modules. 
Moreover, if R is hereditary, then the p-torsion modules form an exact abelian 
length category (that is, every object has finite length) whose simple objects are 
the p-simples. 

For a characterization of p-torsion, p-simple modules in the hereditary case see 
[CB9H Definition 1.3]. 

4.4. Theorem f [Sch86| . [Sch85[ Theorem 12.6]). Let R be a hereditary ring with a 
faithful rank function p such that Rp is a simple artinian ring. Let U be a class of 
p-simple modules. The following statements hold true. 

(1) As a right R-module, Ru/R is a directed union of finitely presented modules 
Ni such that each Ni is a finite extension of modules from lA. 

(2) As a left R-module, Ru/R is a directed union of finitely presented modules 
Mj such that each Mj is a finite extension of modules of the form Tr U with 
U &U. 

In particular, the Theorem above applies in the following situation. 

4.5. Theorem. Let R be a hereditary ring. Suppose R has a unique rank function 
p, and suppose that p takes values in for some positive integer n. Then the 
universal localization Rp of R at p is a simple artinian ring. 

Let us now apply the results above. Combining Theorems 14.21 and 14.41 with 
Remark I3.4f 3) and Corollarv l3.131 we immediately obtain the following. 

4.6. Corollary. Let R be a hereditary ring with a faithful rank function p. The 
following statements hold true. 

(1) If V is a class of p-torsion right R-modules, then Ty — i?v © Rv/R is a tilting 
right R-module. 

(2) Suppose Rp is simple artinian. IfU consists of p-simple modules, then Tu = 
Ru © Ru/R is a tilting right R-module with tilting class Tjj- — , and it is 
also a tilting left R-module with tilting class rTu ^ = {Trl4)'^ . 

In general, if V is just a class of p-torsion right _R-niodules, the tilting class 
GenTy differs from V"*", as we are going to see next. 

4.7. Example. Let R be an (indecomposable) tame hereditary algebra. Then 
Kq{R) is the free abelian group with basis the (finite number of) isomorphism 
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classes of simple right i?-modules {Si, . . . , Sn}, and there is a bilinear form Bn : Kq{R) x 
Ko{R) Z given by 

Br{[M], [N]) = dimfc UomniM, N) - dimfe Ext],{M, N) 

with corresponding quadratic form Xr- Q Kq{R) Q. Since R is of tame 
representation type, Xr is positive semidefinite but not positive definite. 

Moreover, the Q-subspace N < Q^zKo{R) formed by the radical vectors ofBn is 
one-dimensional and can be generated by a vector v with coordinates {vi, . . . ,Vn) € 
N" in the basis {[5*1], . . . , [Sn]} with at least one component Vi = 1, see [Rin84] . 
Hence Xh(^) = and any other w such that XrI'U') = is a Q-multiple of v. 

Following |CB911 Section 4], we define a faithful rank function Ko{R) Q 

by 

_ Bj,i[M],v) 
^^•(M) - BnilRiv)- 
It is called the normalized defect for R. 

The indecomposable 9ij-torsion modules coincide with the regular modules and 
the 9fl;-simple modules with the simple regular modules. Moreover, it was shown 
in [CB911 Lemma 4.4] that is a simple artinian ring. From CoroUarv I4.6f 2) 
we infer that for every set U of simple regular right i?-modules, the right _R-module 
Tu = Ru © Ru /R is a tilting module with tilting class — . 

Let us now assume that there is a stable tube t^, of width at least 3. Let S be 
a simple regular module such that [S] G ti,. Consider the modules rS*, t~ S, S'[2] 
and tS[2\. 

The Sjj-torsion module 5 [2] is an extension of the 9i?-simple modules S and 
T~ S. Similarly, t5'[2] is an extension of the cJ^j-simple modules tS and S. Hence 
we can suppose that S'[2], rS'[2] have finite projective presentations 

^ Pi A Qi ^ tS[2] 

^ P2 ^ Q2 ^ ^[2] ^ 

where a and [3 are full morphisms, and that a = S^, (3 = e5 where 7, 5, e are full 
atomic morphisms with coker7 — tS, cokeid — S and cokere — S. 

Let V = {S[2l tS[2]} and U = {5, tS, t^S}. Then Rv = R{a,p} = ^{7,5,e} = 
Ru- Therefore Ty = i?v © Rv/R is a tilting right i?- module with = W^. But 
U-^ is different from V^. In fact, using the AR-formula we have 

Ext^(S'[2],S') <^ DRomR{S,TS[2]) ^0 
Ext^(rS'[2],S') = DRomR{S,T^S[2]) = 0. 
Hence S eV^. But 

Ext)j(r"5', S) ^ DRouiRiS, rr^S') ^ DIiomR{S, S) ^ 0, 
that is, S (^U^. 

4.8. Remark. Many rings satisfy the conditions in CoroUarv I4.6r 2). for exam- 
ple tame hereditary algebras (see above), Dedekind prime rings [CB911 Proposi- 
tion 3.1 (2)] and firs. Hereditary local rings, free algebras and free group algebras 
are examples of firs. 

5. NOETHERIAN PRIME RINGS 

5.1. Notation. Let i? be a right order in a semisimple ring A, i.e. A is the right 
Ore localization of R at the set Cr of regular elements of R. Let n be the length of 
A as a right A-module. We define the rank function u: Kq{R) given by 

lcngth(P ®fl Aa) 
u(P) = , 
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called the normalized uniform dimension, see |CB91] . 

Let Ur be a set of representatives of all isomorphism classes of finitely presented 
simple right i?-modules. Let Vr be a set of representatives of all isomorphism classes 
of finitely presented torsion right i?-modules. Let finally Vr — {R/sR \ s S Cr}. In 
the same way we define Ui, Vi, I?; . 

5.2. Remarks. (1) Since A is the right Ore localization of R at Cr, the left i?-module 
rAis flat. Moreover a right i?- module Vr is torsion if and only ifV(^RA — 0. 

(2) Since every projective right i?-module is torsionfree, w is a faithful rank func- 
tion. 

Recall the following result which can be found, for example, in |Jat86|, Corol- 
lary 2.2.12]. 

5.3. Lemma. Let R be a right order in a simple artinian ring. If there exists a 
simple torsionfree right R-module, then R itself is a simple artinian ring. 

The following result is a generalization of the foregoing Lemma to the semisimple 
situation. 

5.4. Lemma. Let R be a right order in a semisimple ring A. If there exists a simple 
torsionfree right R-module, then there exists a primitive central idempotent e of A 
such that eRe is a simple artinian ring. 

Proof. Suppose M is a simple torsionfree right i?-module. It is known that there 
exists a right ideal I oi R such that M and / have isomorphic essential submodules, 
see for example |Jat86[ Proposition 2.2.11]. Hence, since M is simple, M embeds 
in R. So we can suppose M is a right ideal of R. There exists a primitive central 
idempotent e oi A such that Me ^ 0. Then Me = M as right _R-modules, and Me 
is a simple torsion free right ei?e-module. Notice that eRe is a right order in the 
simple artinian ring eAe. Thus eRe is simple artinian by Lemma 15.31 ■ 

5.5. Proposition (cf. [CB9H Section 3]). Let R be a semihereditary right order in 
a semisimple ring A. Suppose there is no primitive central idempotent e of A such 
that eRe is simple artinian. Then 

(1) The class of finitely presented torsion right R-modules coincides with the class 
of u-torsion modules. 

(2) The class of finitely presented simple right R-modules coincides with the class 
of u-simple modules. 

(3) A equals the universal localization of R at u. 

Proof. (1) Given a finitely presented torsion right i?- module Vr (hence pd Vr = 1) 
with finite projective presentation Q^P^Q^V^Q, applying _ A, we 
get ^ P ®R A "^-^ Q®rA^V®rA = Q. Hence u{P) = u{Q) = u{a), and V 
is a u-torsion module. Conversely, if y is a u-torsion module, then y is a finitely 
presented module with pdVp, — 1. Let O^P-^Q^y— >Obea projective 
presentation of V with P and Q finitely generated. Notice that length(P ®rA) = 
length(Q ®r A). Hence a (g) 1a is an isomorphism and V ®r, A = Q. Thus V is a 
torsion right i?-module. 

(2) Let J7 be a finitely presented simple right i?-module with finite projective 
presentation 0— s-P-^Q— >J7 — >0. Since U is simple and there is no primitive 
central idempotent e of ^ such that eRe is simple artinian. Lemma 15.41 implies U 
is a torsion right P-module, and therefore u-torsion with pdtZ/j = 1 by (1). Now 
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suppose 

P' 

with u(P') = u{P) = u{Q) = u{a). Hence length(Q 0^ A) = length(P' A). 
Since a (E) 1a is surjective, we get 7 1^ is an isomorphism. Hence we have the 
commutative diagram 

P' (E)rA^Q®rA 

t t 

p' — ^r^Q 

where the vertical arrows are injective. Hence 7 is injective. Clearly P is injective. 
Now, since U = Q/P is simple, we get that /3 or 7 is an isomorphism. This shows 
that U is M-simple. 

On the other hand, if ?7 is a w-torsion module which is not a simple module, then 
it contains a finitely generated submodule ^ V ^ U. Suppose P Q ^ 
t/ ^ is a projective presentation of U with P and Q finitely generated. Then 
there exists a finitely generated submodule ^ P' ^ Q such that P' /P = V. Since 
R is semihereditary, P' is a projective right i?-module. Now a factors through P' 
in the following way 



P' 

and U cannot be a u-simple module since u{P) = u{Q) = u{P'). 

(3) If — > P Q — > ^ is an exact sequence with W torsion and P, Q 
finitely generated projective right P-modules, then a®lA' P A ^ Q (^r A is 
an isomorphism. Therefore condition (i) in Theorem 13.21 is satisfied. 

Let b: P — > B be a morphism of rings such that a (gt 1b is invertible for every full 
morphism P ^ Q. By (1), a is full if and only if cokera is torsion. If s G Cr, R/sR 
is torsion. Therefore the map as'. R ^ R, defined by r 1— > sr, is a full morphism 
and as ® 1b is invertible. Hence b{s) is invertible in B. By the universal property 
of Ore localization there exists a unique morphism of rings ip: A ^ B such that 
■01 H = b. Thus condition (ii) in Theorem 13.21 is satisfied. ■ 

The following result is a generalization of [ER70[ Theorem 1.3] to the semisimple 
situation. We prove it using the theory of rank functions. 

5.6. Theorem. Let R be a hereditary noetherian semiprime ring which is a right 
order in the semisimple ring A. Suppose there is no primitive central idempotent e 
of A such that eRe is simple artinian. Let J Q I be right ideals of R. Then 1/ J is 
an artinian right R-module if and only if J is an essential submodule of I. 

Proof. We use the following known fact, see for example |Jat861 Proposition 2.2.2]: 
If P is a right order in a semisimple ring, then a submodule A'^ of a torsion-free 
right P-module M is essential in M if and only if M /N is torsion. 

Suppose I / J is artinian. Then it has finite length, that is, it is a finite extension 
of simple right P-modules, and hence torsion right P-modules by Lemma 15.41 Thus 
I / J is torsion. 

On the other hand suppose J is an essential submodule of /. By the remark at 
the beginning of the proof, I / J is a finitely presented torsion right P-module. By 
the discussion on Definition 14.31 and Proposition 15.51 it follows that I / J has finite 
length. ■ 
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Now we come to the main result of this section. 

5.7. Theorem. Let R be a hereditary noetherian prime ring which is not simple 
artinian. Let Aji be the simple artinian quotient ring of R. Then 

(1) T = A® A/R is a tilting right R-module with =U^ = V,f = . 

(2) T = A® A/R is a tilting left R-module with = = = V^. 

(3) For any overring R < S < A there exists a unique subset Us ofUr (respectively, 
ofUi) such that S® S/R is a tilting right (left) R-module with tilting class Ug . 

(4) For any right Ore subset & of Cr, let 

1^6 = {U G Ur I for each v Cz U there exists s G © with vs ~ 0}. 

Then R&^^ is the universal localization of R atUe- Moreover, Tq — R&~^ © 
R6~^/R is a tilting right R-module with tilting class Tq — Uq , and Tq is a 
tilting left R-module with tilting class Tq = {R/Rs \ s G S}^ = {TrU \ U G 

(5) For any (two sided) Ore subset 6 of Cr, let Uq be as in (4). Then Tq = 
R&~^ ® RG"^ /R is a tilting right R-module with tilting class Tq = {R/sR 

s G 6}-L 

Proof. (1) By Proposition 15.51 and Theorem 14.41 A/R is a directed union of 
modules Ni where each Ni is a finite extension of simple right i?-modules. Hence, 
by Corollary 13.131 we get that T is a tilting module with tilting class T-*- = . 
Moreover, — since every element in Vr is a finite extension of elements in 
h(r, see the discussion on Definition 14.31 On the other hand, by Corollarv l3.141 the 
tilting class of C'^R ® C'^R/R = T isV)r. 

(2) is proven with symmetric arguments. 

(3) It is proved in |CB9H Remark 3.3] that every ring S with R < S < A is 
the universal localization of R at some morphisms between finitely generated pro- 
jective right (left) i?-modules. Recall from |Sch85l Chapter 5] that the universal 
localizations of R embedding in Ru are in bijective correspondence with collections 
of stable association classes of atomic full morphisms. So, S is the universal local- 
ization of i? at a unique subset Us of Ur iUi)- Now, because of Proposition [^3] (2) 
and (3), we can apply Corollary 14. 6f 2). 

(4) Te is a tilting left i?-module with = {R/Rs \ s G S}^ by (the right 
version of) Corollary 13.141 Suppose we have proved that R6^^ is the universal 
localization of R at Uq. By Proposition l5.51 we can apply Corollarv l4.6r 2) to obtain 
the desired results. 

We now prove that R6^^ is the universal localization of R at Uq . The argument 
is very similar to the one of [CB9H Lemma 3.4]. 

First of all, notice that rR&~^ is flat, and for every U G Uq, U ®r R&~^ = 0. 
Hence, ifO^P-^Q^C/ ^Oisa projective presentation of U with P and Q 
finitely generated, then a® lije-i is invertible. Hence condition (i) in Theorem 1 3. 2 1 
is satisfied. 

Let i? be a ring with a map b: R B such that for every U G Uq and any 
finite projective presentation ^ P Q ^ U ^0, a ®fl Is becomes invertible. 
Let s G 6. Consider R/sR. Since 6 is right Ore, by Theorem 15.61 R/sR has finite 
length and therefore it has a finite filtration of simple right i?-modules. Recall 6 
consists of non-zero-divisors. Hence R/sR = s^^R/R. Since 6 is a right Ore set, 
for every s^^r G s~^R, there exist i G 6, a; G i? such that s~^r = xt~^. Therefore, 
for every z G R/sR there exists t G S with zt = 0. This implies that all the 
composition factors of R/sR are in Uq. 

For each s G 6, define the morphism 5s : i? — > i?, given by r — » sr. By the 
foregoing, Sg is invertible for every s G S. Notice 6s ^ 1b can be regarded 

as the morphism B ^ B defined by x i"> b(s)x. Thus b{s) is invertible for all 
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s 6 6. By the universal property of Ore localization there exists a morphism of 
rings 7: R&^^ — > B making the following diagram commutative 

R ^i?S-i 

B 

Therefore condition (ii) in Theorem 13.21 is satisfied. 
For (5) apply the left and the right versions of (4). ■ 

Before stating the next results we recall the following definitions. 

5.8. Definitions, (a) A right i?-module M is faithful if the ideal ann(A/) — {r £ 
R I mr = for all m e M} = 0. We say M is unfaithful if M is not a faithful 
module. 

(b) Let Z he & commutative noetherian domain with quotient field K and let Q 
be a central simple if-algebra. A Z-order in Q is a Z-subalgebra R of Q, finitely 
generated as Z-module and such that R contains a if -basis of Q- A hereditary 
order i? is a hereditary ring R which is a Z-order in some central simple if-algebra 
Q, where Z is some Dedekind domain with quotient field K ^ Z. The hereditary 
order i? is a maximal order if it is not properly contained in any other Z-order in 
Q. 

5.9. Theorem. Let R be a hereditary noetherian prime ring which is not simple 
artinian. Let Ur he a set of representatives of all isomorphism classes of all simple 
right R-modules. Suppose that there are no simple faithful right R-modules and that 
Ext]j([/i, U2) = for any two non-isomorphic simple right R-modules Ui, U2- Then 

T = {Tw = i?w ® Rw/R \W QUr} 

is a representative set up to equivalence of the class of all tilting right R-modules. 

Ln particular, the statement holds true when R is a maximal order or a hereditary 
local noetherian prime ring which is not a simple artinian ring (for example a not 
necessarily commutative discrete valuation domain). 

Proof. For the first part wc follow the terminology of [LevOOj . If M is a finitely 
generated right i?-module, then M — P (B V where P is projective and V is the 
submodule consisting of the torsion elements [MR87[ Lemma 5.7.4]. Moreover, V 
is of finite length and has a decomposition F = Vi ® V2 where Vi is a (finite) direct 
sum of uniserial modules whose composition factors are all unfaithful, and V2 is a 
direct sum of modules whose composition factors belong to so-called faithful towers 
|Kuz72[ Theorem 2.19] or [KL95[ Theorem 4.6]. Since we are assuming that there 
are no faithful simple right _R-modules, V2 = 0. 

So M-^ = {Wi © • ■ • ® Wn)'^ where Wi are indecomposable finitely generated 
uniserial modules. Since Ext]j(?7, U') = for any two non-isomorphic simple mod- 
ules U, U', we obtain that all composition factors of Wi are isomorphic to the same 
simple module U^. Hence W^^ = U:^. Therefore = JJ^ r] ■ ■ ■ fMJ^ . So for 
every set of finitely generated right i?-modules V, there exists a set of simple right 
i?- modules W such that V"*" = W^. From Remark 13.61 Proposition 15.51 and Corol- 
lary 3111^2) we infer that T is a representative set up to equivalence of the class of 
all tilting right i?-modules. 

Let i? be a maximal order. That there are no faithful simple i?-modules is a 
concatenation of the following results. By Lemma 15.31 every maximal right ideal 
contains a nonzero divisor, so it is essential |Jat861 2.1.15]. Then the result follows 
by |GW89[ Propositions 8.1, 8.3]. That maximal orders verify the hypothesis on 
the extensions of simple modules follows from [GW89. Theorem 11.20] and [Rei75i 
Theorem 22.41. 
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If i? is a hereditary local noetherian prime ring which is not a simple artinian 
ring there is only one simple right i?-module up to isomorphism, and it is unfaithful 
since it is isomorphic to the quotient of R by its maximal ideal. ■ 

We now recover the classification of tilting modules over Dedekind domains ob- 
tained in [BET05[ Theorem 5.3]. 

5.10. Corollary. Let R be a Dedekind domain. 

(1) Let 9Jl &e a subset o/ max-spec(i?). Consider the multiplicative subset of R 
& = R\ U p and the set of simple R-modules Ue = {Rim \ m (t yj X>\ (if 

9Jl = 0, then 6 ~ R\ {0} ). Then R&~^ is the universal localization of R at iXe 
and T@ = Re^^ © Ri3~^/R is a tilting R-module with = {R/sR \ 

s e 

(2) Let ^ be a subset o/ max-spec(i?) . Consider il<:p = {R/m \ m G Then 
Trp = Ru,ji © Ru^ I R is a tilting right R-module with T^ = lA^ . Therefore the 
set {Tqj I *P C max-spec(i?) } is a representative set up to equivalence of the 
class of all tilting R-modules. 

Proof. (1) Recall that a Dedekind domain is a commutative noetherian prime 
ring which is not simple artinian. Now notice that 

Uq = {R/m \ m(t U p} = {R/m I for every v G R/m there is s £ 6 with vs — 0). 

Then apply Theorem [OIS). 

(2) By Proposition l5.5l and Corollarv l4.6f 2). we obtain that Ttp is a tilting module 
with T^p = . 

For the second statement, we prove that R satisfies the conditions of Theo- 
rem 15.91 All simple _R-modules are unfaithful because they are isomorphic to the 
quotient of i? by a maximal ideal. On the other hand let M be an extension of the 
nonisomorphic simple i?- modules i?/p and i?/q with p and q nonzero prime ideals 
of R. Notice that ann(M) = pq. Therefore M = Tp{M) © T,(M) where Tp{M) 
and T(,(M) denote the p-primary and the q-primary components of M. Therefore 
M ^ i?/p © R/q, see [BKOOl Sections 5.1, 6.3]. ■ 
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